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Abstract: The method of images is used to calculate the Casimir energy in Euclidean space with Dirichlet boundary 
conditions for two planar models, namely: i. the non-relativistic Landau problem for a charged particle of mass m for which - 
irrespective of the sign of the charge - the energy is negative, and ii. the model of a real, massive, noninteracting  relativistic 
scalar field theory in 2 + 1 dimensions, for which the Casimir energy density is non-negative and is expressed in terms of the 
Lerch transcendent
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 and the polylogarithm ( )nLi λ  with   0 < λ  < 1 and n = 2 ,3.  
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                                                            Introduction  
This paper follows the work of Brown and Maclay[1] to calculate the Casimir[2] energy density from  the 
stress  energy tensor ( )T xµν  in the parallel plate configuration in 3 + 1 dimensions.  Of interest here is 
their use of the method of images[3] as a technique to obtain for the Lagrangian density 1
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              (1)  
with the unit four vector zµ = (0,0,0,1), ( 1,1,1,1)g diagµν = − , the two perfectly conducting, parallel, 
infinite plates being placed at z = 0 and z = a respectively.  Note that 
(0)
( )T xµν  is homogeneous of 
degree 4n = −  in the parameter a ; an answer which involves more than one parameter besides the 
separation between the two plates will clearly provide variety and this is easily  got by working with the 
Lagrangian density for a free massive real scalar field φ (x) in Euclidean space namely,    
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L mµ µϕ φ φ= ∂ ∂ +              (2) 
the Casimir energy density for which will be shown to be  non-negative(see Eq.(10) below). As a prelude 
to the above exercise we first take up the calculation of the Casimir energy for the Landau problem, with 
the Lagrangian given in Euclidean space by  
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In giving Eq.(3) this priority we are motivated by : i. this is a facet of the Landau problem that to our 
knowledge has not been reported in the literature[4]and ,ii. the results obtained below are not only 
pleasing, but timely in that Casimir forces are now believed to play a significant role[5] in micro- and 
nanometer size structures and hence need to be factored in the design and modeling of Micro-
Electromagnetic-Systems( MEMS) and Nano-Electromagnetic-Systems(NEMS). Eq.(3) yields the 
Hamiltonian 
2
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dxH m x x x
ds
=
= ≡∑ & & & and the Casimir energy can now be worked out from its 
definition[2] as a difference in zero-point energy, namely, [ ] 00 0 0 0vac E EE H H∂Γ∂Γ = − .  Following 
Plunien et al.[3], each matrix element in [ ]vacE ∂Γ  can now be expressed  in terms of the propagator 
( ) ( )0 ( ) ( ) 0ij i jD s s T x s x s′ ′− = , with that of the second term for example, being given by  
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( )ijD s s′−  itself is determined following standard methods [6] and it works to  ( with 12 1ε = ) 
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The counterpart of (5) when Dirichlet boundary conditions are imposed at s = 0 and s = 2a  as in Fig.1 , is 
easily derived from Plunien et al.[3]and Morse and Feshbach [3] and it is given by 
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FIGURE 1: The image-source construction for the constrained Greens function with Dirichlet boundary conditions 
at s = 0 and s = 2a (a > 0). 
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The first and second terms yield 
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The Casimir energy is therefore negative for either sign of the charge q. To conclude ,we should reiterate 
that the above calculation is just another aspect of the Landau problem that has otherwise received 
considerable attention in the literature[4];to recall just one of them here, the  quantum energy levels are 
known to be infinitely degenerate and as shown by Fubini [4] is due to the invariance of the quantum 
Hamiltonian under magnetic translations though translational symmetry in the usual sense is broken. 
The Scalar Field Theory  
For the Lagrangian density given by (2) the propagator is 
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with ( )22 x yρ = − and
p
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∫ . Using Fig.2, the counterpart of Eq.(6a) but with  a 
pair of plates at  y = - a  and   y = + a on each of which a Dirichlet boundary condition  is enforced, is now 
given by  
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with ( )22k kx yω = −  , ( )22j jx yη = − , 0 1 2(y  ,  y  , y  + 4ak )ky =  & ( )0 1 2, , 2 (2 1)jy y y y a j= − + − . 
 
 
 
FIGURE .2 : Image-source construction for the constrained Greens function for the parallel  plate configuration  at y = - a and            
y = + a in Euclidean space. The y - coordinate of O is zero, of B i  are  2 a i, ( 1, 3, 5,....)i = ± ± ±  and that of the Cj are  4 a j , 
( )1, 2, 3, 4 ,.....j = ± ± ± ±  .          
The first term in (9) becomes 
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defined by  (0,0,1)yα =  . It can be explicitly summed using the definition [7] 
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a generalization of the polylogarithm function - namely the Lerch transcendent, it being defined by[7]  
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Since Ψ and ∆ are non  negative; the Casimir energy density now becomes     
        [ ]00vacΘ ∂Γ  = ( )31 22 (4 )aπ Λ +Ψ + ∆              (10)      
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  which is non  negative. 
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